We study type one generalized complex and generalized Calabi-Yau manifolds. We introduce a cohomology class that obstructs the existence of a globally defined, closed 2-form which agrees with the symplectic form on the leaves of the generalized complex structure, the twisting class. We prove that in a compact, type one, 4n-dimensional generalized complex manifold the Euler characteristic must be even and equal to the signature modulo four. The generalized Calabi-Yau condition places much stronger constrains: a compact type one generalized Calabi-Yau fibers over the 2-torus and if the structure has one compact leaf, then this fibration can be chosen to be the fibration by the symplectic leaves of the generalized complex structure. If the twisting class vanishes, one can always deform the structure so that it has a compact leaf. Finally we prove that every symplectic fibration over the 2-torus admits a type one generalized Calabi-Yau structure.
Introduction
Generalized complex structures, introduced by Hitchin in 2003 [7] and Gualtieri [5] , are a simultaneous generalization of complex and symplectic structures. At each point p in the manifold M , a generalized complex structure is equivalent to a symplectic subspace of T p M together with a transverse complex structure. The type of the generalized complex structure at the point in question is the complex dimension of this transverse complex space. Thus, symplectic structures have type 0 everywhere and complex structures have maximal type everywhere. In general, generalized complex structures determine singular symplectic foliations with a transverse complex structure and, if the type is constant, they determine ordinary symplectic foliations.
The type of a generalized complex structure on M is an integer-valued lower semi-continuous function with locally constant parity. In the generic even case, generalized complex structures may be viewed as symplectic structures with singularities along loci where the type jumps from 0 to 2 or higher; when these singular loci are required to satisfy a transversality condition, we have stable generalized complex structures, which were studied by Cavalcanti and Gualtieri in [4] . If, instead, we are in the case of odd type, a generic generalized complex structure would be of type 1 almost everywhere; very little is currently known about type 1 structures.
Besides being the odd analogue of symplectic structures, type 1 structures are closely related to stable (even) generalized complex structures in a more direct way: the singular locus of the symplectic form in the stable case inherits a type 1 generalized Calabi-Yau structure. So, the study of stable structures naturally leads to the study of type 1 generalized Calabi-Yau structures. The objective of this paper is to determine the basic differential topological properties of these structures.
We prove that a compact, connected, type 1 generalized Calabi-Yau manifold, M , has a rather restricted topology: M must be a fiber bundle over the 2-torus. Further, if the manifold has at least one compact symplectic leaf, then all leaves are compact symplectic manifolds, and M fibers over its symplectic leaf space, which is T 2 . We also prove a partial converse to this statement: every compact symplectic fibration over T 2 admits a generalized Calabi-Yau structure for which the symplectic leaves are the fibers of the fibration. As a special case, we obtain a correspondence in four dimensions: a compact four-manifold admits a type 1 generalized Calabi-Yau structure if and only if it is an oriented fibration over T 2 . These results may be viewed as the generalized complex analogues of the results obtained by Guillemin, Miranda and Pires for codimension one Poisson structures [6] .
1 Topology of type one generalized complex structures 1.1 The twisting class of a generalized complex structure Definition 1.1. A generalized complex structure on a manifold M with closed 3-form H is a complex structure J on TM = T M ⊕ T * M compatible with the natural pairing of vectors on forms and integrable with respect to the Courant bracket twisted by H.
Alternatively, J is fully determined by its +i-eigenspace L ⊂ T C M , a maximal isotropic, involutive sub-bundle satisfying L ∩ L = {0}. Furthermore, J can be fully described using differential forms: Definition 1.2. A generalized complex structure on a manifold with closed 3-form (M 2n , H), is a complex line bundle K ⊂ ∧
• T * C M such that 1. K is generated pointwise by a form ρ of the following algebraic type
where Ω is a decomposable form and B and ω are real two-forms; 2. Pointwise, for the generator above,
where k is the degree of Ω; 3. For every nonvanishing local section ρ there is X + ξ ∈ Γ(L) such that
The degree of the form Ω at a point p is the type of the generalized complex structure at p, the line bundle K is the canonical bundle and X + ξ is the modular field corresponding to the trivialization ρ. Examples of generalized complex manifolds include symplectic manifolds, (M, ω), where K is the line generated by e iω ; complex manifolds, where K = ∧ n,0 T * M is the usual canonical bundle; and holomorphic Poisson manifolds (M, I, π) where K = e π · ∧ n,0 T * M and π acts on forms by interior product.
From the definition we see that, pointwise, the subspace D annihilating Ω ∧Ω is the complexification of a real subspace of T M and ω is a symplectic structure on D. If the type is constant, D is an integrable distribution and ω is a symplectic structure on the fibers. In general, D is an integrable singular distribution and ω gives a symplectic structure to its leaves.
Any generalized complex structure J on M 2n decomposes the space of forms into its ikeigenspaces: U k . These are nontrivial for all the integers k between −n and n with U n = K and
Since L is involutive, it is a Lie algebroid over M and using the nondegenerate pairing to identifyL = L * , Γ(∧ • L) becomes a differential graded Lie algebra (DGLA) with d L , the Lie algebroid differential from L, and the Schouten-Nijenhuis extension of the Courant bracket as a bracket. Further the space of forms with the operator ∂ is a differential module for this DGLA, i.e., for all ρ ∈ Ω
• (M ; C) and α ∈ Γ(∧ • L) we have
where {·, ·} is the graded commutator of linear differential operators on forms. It follows directly from (1.1) that any (local) modular field is d L -closed. If the canonical bundle is trivial, a global nowhere vanishing section ρ ∈ Γ(K) gives rise to a global modular field v. Another nonvanishing section is just a multiple of ρ, say gρ, where g : M → C * , and hence the modular field of this new section is given by v + d L log g and, if K is trivial, the cohomology class of the modular field in the complex
is well defined, independent of choice of trivialization and is called the modular class of the generalized complex structure. If this class is trivial, one can produce a nowhere vanishing d H -closed section of K and the generalized complex structure is in fact generalized Calabi-Yau.
For generalized complex structures of constant type, there is yet another cohomology class determined by the structure that we describe next. Since the type is constant, locally the generalized complex structure is determined by a d H -closed form e B+iω ∧ Ω [5] . Notice that the form Ω is not unique: only the line it determines is intrinsic. Similarly, B + iω is not unique as it can be changed by any 2-form which wedges zero with Ω and will still determine the same spinor. So to better understand these quantities we introduce two differential complexes.
Firtly, we let I • be the algebraic ideal generated (pointwise) by the 1-forms which make up Ω. This ideal is independent of the trivialization chosen and is in fact a differential subalgebra of Ω
• (M ; C). We can therefore form the quotient which is again a differential complex, so we have the following short exact sequence of differential complexes
It is worth noticing that this sequence can also be made into a (periodic) sequence of differential complexes with differential d H :
From the previous discussion we see that, while B + iω is not well defined as a form, it does give rise to a well defined element [B + iω] ∈ Ω 2 (M )/I 2 and the particular choice of forms B + iω making up the spinor is nothing but an arbitrary choice of pre-image of the intrinsic element in Ω 
Since I 0 = {0}, the degree 3 part of (1.4) is
where β 2 ∈ I 2 is the degree 2 component of β. In particular we get that
represented by e B+iω+β and for this form we have
I is the twisting class of the generalized complex structure.
This class measures the failure of existence of a global d H -closed form e B+iω for which the generalized complex structure is locally given by closed form e
B+iω Ω. Notice that if H is nontrivial in de Rham cohomology the twisting class is automatically nontrivial.
Summarising, we have the following obstructions associated to a generalized complex structure: Proposition 1.6. 
Topological constraints
Having a type 1 generalized complex structure already places constrains on the topology of the manifold. The most basic one is related to the underlying linear algebra of a type 1 structure (i.e. integrability is not necessary). Indeed an almost generalized complex structure of type 1 induces an oriented distribution of co-dimension 2 which can always be complemented to an oriented rank 2 distribution. The existence of such distributions in itself already places the first topological restriction.
Theorem
Notice however that once a co-dimension 2 distribution has been found on a manifold, one can always deform it into a C 0 distribution which is integrable with smooth leaves [8] . Hence the difference between the existence of a codimension two distribution and a C ∞ integrable one is rather subtle.
We now describe several topological properties of a type 1 generalized Calabi-Yau, and indicate how these are affected by the vanishing of the twisting class introduced above. 1. There is a surjective submersion π : M → T 2 .
2. If M has a compact leaf, then M is proper and π can be chosen so that the components of the fibers of π are the symplectic leaves of the underlying Poisson structure.
3. If the twisting class vanishes, then the structure can be deformed into a proper one, M admits a symplectic structure for which π : M → T 2 is a symplectic fibration, and there are classes a, b ∈ H 1 (M ) and c ∈ H 2 (M ) such that abc n−1 = 0. In particular b i (M ) ≥ 2 for 0 < i < 2n.
Proof. Throughout the proof we let ρ = e B+iω ∧ Ω be a d H -closed trivialization of the canonical bundle of M . 
where the integral, taken over any path connecting the reference point p 0 to p, is well defined because the integrand is an exact form. Finally, if, say, λ R = 0, then nondegeneracy implies that ω n−1 ∧ dπ 1 ∧ Ω I = 0, showing that dπ 1 is nowhere zero and hence π 1 is a submersion of a compact manifold in R, which is a contradiction.
To construct π observe that since nondegeneracy is an open condition, there is a closed form Ω ∈ Ω 1 (M ; C) near Ω, whose real and imaginary parts represent linearly independent rational cohomology classes and such that
Linear independence of the real and imaginary parts of Ω implies that the following map is a submersion
Ω .
where Λ = [Ω ] (H 1 (M ; Z) ) is a co-compact lattice, p 0 is a fixed reference point and the integral is independent of the path connecting p 0 to p. 2. One way to prove this statement is to use the following result: Theorem 1.10 (Brunella [3] ). Let F be a transversally holomorphic foliation of complex codimension one on a compact connected manifold M . Assume that there exists a compact leaf L ∈ F with finite holonomy. Then F is a Seifert fibration.
In the present situation, in a tubular neighbourhood U of a compact leaf, L, the 1-form Ω is exact, since it is closed and its restriction to L vanishes. Say Ω = dz for some complex function z defined on U . It follows that z is constant along the leaves and since Ω ∧Ω = 0, z : U → C is a submersion, that is z parametrizes the local leaf space and L has trivial holonomy. Due to Brunella's theorem, M is a Seifert fibration, in particular every leaf is compact. The argument we just used implies that every leaf has zero holonomy and hence the foliation is in fact a regular fibration and the form Ω is basic thus passes to the (smooth) leaf space, giving it the structure of an elliptic curve.
The proof of Brunella's result is rather analytic. Next we present an alternative more geometric proof of our result.
Let X be a complex vector field for which Ω(X) = 1 and Ω(X) = 0. Then the real and imaginary parts of X, X R and X I , are pointwise linearly independent, preserve Ω and Ω and hence preserve the foliation determined by Ω ∧ Ω.
Let F be a compact leaf and define a map ϕ F :
Since (ϕ F ) * (T F ⊕ R 2 ) = T M , we conclude that ϕ F is a local diffeomorphism and since the flow of the vector field λ 1 X R + λ 2 X I preserves the foliation we conclude that all leaves in a neighbourhood of F are diffeomorphic to F , that is, a) if a leaf F is compact, the map ϕ F above gives a local diffeomorphism between a neighbourhood of F and F × D 2 for which the projection onto the open disc D 2 ⊂ R 2 is the quotient map of the foliation, and b) the set of points which lie in a leaf diffeomorphic to F is an open set.
Let U ⊂ M be the open set of points which lie in a leaf diffeomorphic to F , let p ∈ U and let α : D 2n−2 → M be a parametrization of the leaf through p, with
is a local diffeomorphism and hence its image contains a point q ∈ U , say q = e λ1X R +λ2X I (α(x)). Let F be the compact leaf through q. Then α(D 2n−2 ) ∩ Im(ϕ F ) = ∅, as, inverting the exponential, we get ϕ F (q, −λ 1 , −λ 2 ) ∈ Im(α) and hence ϕ F gives a diffeomorphism between F and the leaf through p. That is, the set U above is also closed, and since M is connected, U = M and by property a) we conclude that M is a fibration M → Σ over a compact surface. To determine Σ, we observe that Ω is basic for this fibration since it is closed and annihilates vertical vectors. Thererefore Σ has a nowhere vanishing closed 1-form, giving Σ = T 2 . 3. If the twisting class vanishes, we can choose the forms B and ω so that d H e B+iω = 0. Changing Ω to nearby form representing a rational class transforms the structure into a proper one. Then ω + 1 2i Ω ∧ Ω defines a symplectic form on M , and due to (1.5), it is symplectic on the leaves of the distribution generated by Ω R and Ω I , rendering π a symplectic fibration. 
Proof. For any fibration
Also, the Euler characteristic of a fibration is the product of the Euler characteristics of the base and of the fiber.
These simple obstructions tell us for example that there are no type one generalized Calabi-Yau structures on products of spheres of dimension bigger than 1. Notice however that the manifolds S 1 × S 3 and S 1 × S 5 do admit a type one generalized complex structure with topologically trivial canonical bundle [4] but, by the results above, these are not generalized Calabi-Yau.
2 Generalized Calabi-Yaus from symplectic fibrations Theorem 1.9 shows that there is a relation between proper type one generalized Calabi-Yaus and fibrations over the 2-torus with symplectic fibers. Next we prove a partial converse to this result.
2 be a symplectic fibration over the torus. Then M admits a proper type 1 generalized Calabi-Yau structure, integrable with respect to the zero 3-form, for which the fibers of π are the symplectic leaves.
Proof. We will prove the theorem by constructing explicitly a closed form determining a generalized Calabi-Yau structure with the desired properties. Since M → T 2 is a symplectic fibration, say, with generic fiber (F, ω F ), there is a 2-form ω ∈ Ω 2 (M ) such that for all x ∈ T 2 , ι * x ω = ω F where ι x : (F, ω F ) → M is the inclusion of the fiber over the point x. Letting V = ker π * , the form ω gives rise to a distribution transverse to the fibers:
By pre-composing ω with projection to V along H, we obtain a 2-form that equals ω F in every fiber and annihilates the transversal distribution H. We will still denote this new form by ω.
We pick a complex structure on the 2-torus together with a specific trivialization of the canonical bundle: Ω ∈ Ω 1,0 (T 2 ). In the presence of the distributions V and H, it is convenient to split the space of forms and the exterior derivative with respect to the splitting T M = V ⊕ H. Indeed, we can identify V * = Ann(H) and H * = Ann(V). Further, using the complex structure on the torus, we can split H C = H 1,0 ⊕ H 0,1 and this gives a splitting of forms:
Of course, the only values of p and q for which these spaces are nontrivial are 0 and 1. We denote the space of sections of ∧ k;p,q T * C M by Ω k;p,q (M ). Since V is an integrable distribution, d splits into four components according to this decomposition of forms:
and we denote the different components by
Let U = {U α : α ∈ A} be an open cover of T 2 over which the fiber bundle can be trivialized:
Therefore there are forms A 0,1
Since dω F = 0, the (2, 0, 1) component of the exterior derivative of the form above is
α ∈ A} be a partition of unity subodinate to the cover U and consider the globally defined form
We claim that the form ρ = e as ω is symplectic on the leaves of π : M → T 2 . That is, ρ is a form of the correct algebraic type and we only have to check the generalized Calabi-Yau condition.
Since dΩ = 0, the condition dρ = 0 is equivalent to d(A 0,1 + ω) ∧ Ω = 0 which we check by checking the vanishing of each of its components: There are no further components, since the torus has complex dimension 1 and hence the (k; p, q) component of a form vanishes if either p or q is greater than 1.
Remark 2.2. Given a symplectic fibration over a complex manifold, the question of whether of not the total space admits a generalized complex structure was studied by Bailey in [2] : the total space has a generalized complex structure for which the fibers are the symplectic leaves if and only if two obstructions vanish. One can apply that theory to prove Theorem 2.1 and it was with the insights from [2] that we obtained the present proof. Here we opted instead for a simpler, more direct proof.
In four dimensions this gives a full converse to Theorem 1.9 Corollary 2.3. A compact connected four-manifold M admits a type one generalized Calabi-Yau structure integrable with respect to the zero 3-form if and only if it is orientable and it fibers over T 2 .
Proof. Every generalized complex manifold is orientable and according to Theorem 1.9, every type one compact generalized Calabi-Yau is a fibration over a 2-torus. Conversely, every orientable surface bundle can be made into a symplectic fibration, hence, due to Theorem 2.1, every surface bundle over the torus can be made into a type one generalized Calabi-Yau with vanishing 3-form.
